
















v1 andv2 at the beam splittersBS1 andBS2. The unitary operatorsUS andUB represent the
evolution of the states inside the Sagnac interferometer and the two beam splittersBS1 andBS2

respectively. First, we begin by calculating the inverse evolution

U†
B |1D11D31D21D4〉 = U†

BD†
1D†

3D†
2D†

4UBU†
B |0000〉

= (t∗1b†
1 + r′∗1 v†

1)(t
∗
2b†

2 + r′∗2 v†
2)(r

∗
1b†

1 + t ′∗1 v†
1)(r

∗
2b†

2 + t ′∗2 v†
2)|0000〉

= t∗1t∗2r∗1r∗2b†2
1 b†2

2 |0000〉+ . . . , (30)

where we take only four-photon state in modesb1 andb2 because other terms are irrelevant
in our calculation. Hereti’s andri’s are transmittance and reflectance coefficients of the beam
splitterBSi (i = 1,2). Next, we operateU†

S on the resultant state above,

U†
S t∗1t∗2r∗1r∗2b†2

1 b†2
2 |0000〉 = t∗1t∗2r∗1r∗2U†

S b†2
1 b†2

2 USU†
S |0000〉

= t∗1t∗2r∗1r∗2
(

−sin(φ/2)a†
1 +cos(φ/2)a†

2

)2

×
(

cos(φ/2)a†
1 +sin(φ/2)a†

2

)2
|0000〉

=

(
1
2

sin(φ)(−a†2
1 +a†2

2 )+cos(φ)a†
1a†

2

)2

|0000〉

=
1
2
[1+3cos(2φ)]|2200〉+ . . . , (31)

where we use the transformation given by Eq. (12) between themodesa1, a2 andb1, b2. In
the last line of the Eq. (31) the first two modes area1 anda2, while the last two modes are the
vacuum modes of the beam splittersBS1 andBS2. In the last line of Eq. (31) we take only the
state which has equal number of photons in modesa1 anda2 because the input state|ψ〉 is a
pair photon state which is given in Eq. (24). Therefore the absolute square of the inner product
of the resultant state given in the Eq. (31) with|ψ,0v10v2〉 gives us the four-photon coincidence
probability
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The result given by Eq. (32) shows a reduction in the period offringes by developing smaller
peaks as depicted in Fig. 4. The phase sensitivity shows a four-fold increase w.r.t. the result in
Eq. (20) obtained by single-photon input.

The four-photon coincidence detection can be done in an alternative way as depicted in figure
5. Here, three of the four photons are to be detected in the upper output channelb1 while the
fourth one goes into the detector placed in the lower output channelb2. This time, we place the
two extra beam splittersBS1 andBS2 to split up the three photons into single photons before
they arrive at the detectorsD1, D2 andD3. Now, we begin with the evolution of the four-photon
subspace term|22〉 provided by the input state|ψ〉,
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Fig. 5. The Sagnac interferometer setup for four-photon coincidencedetection in 3-by-1
scheme.
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The arrow in the first line represents the evolution of the input modes into the interferometer
after BSin, while the second arrow shows further evolution of the modesby the phase shiftφ
andBSout . In the third line we omit the terms giving photons in the channels other than three
in b1 and one inb2. The fourth line shows how the channelb1 split up into the modesd1, d2

andd3 going into the detectorsD1, D2 andD3 respectively and since we are considering only
one photon per detector we omit the other terms in the following line. In the last line we obtain
the state corresponding to the four-photon coincidence detection in 3-by-1 scheme. Then, we
calculate the probability of four-photon coincidence to be,
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The normalized plot of this probability is shown in Fig. 4. Note that all the peaks are even in the
interference pattern showing a pure four-fold increase in the sensitivity. We note that Steuer-
nagel has a similar result in his work [24] on reduced de Broglie wavelength using precisely
two photon events at each detector. In our proposal above we use single photon detectors to do
four-photon coincidence. Currently efforts are on to find efficient nonlinear absorbers so that
these could be used for detection of the precise number of photons [12, 33, 34].

4. Conclusion

There are advantages of using single photon interferometeras then the unwanted effects due to
nonlinearities are avoided. However the integration time becomes long so that one can achieve
the same level of sensitivity as classical interferometers[35]. What we are demonstrating is that
we get superresolution relative to what is obtained by the usage of single photons. We think that



experiments should be feasible because many two-photon andfour-photon interference effects
have been observed [17, 18, 19, 20, 21, 22].

There is one thing that should be in consideration in the use fiber. All fiber ring interferom-
eters make use of single-mode fibers. Normally all single-mode fibers permit the transmission
of modes of two orthogonal polarizations through the fiber inboth directions. Disturbances,
such as temperature fluctuations and mechanical stresses introduces birefringence to the fiber
causing one mode to be transferred to the other. The noise produced by the transfer of modes
from one to the other may effect the interference pattern. However by utilizing half-wave plates
and polarization controllers [28] this noise may be suppressed.
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